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In this paper, we investigate the holographic phase transition with dark matter sector in the AdS black 
hole background away from the probe limit. We discuss the properties of phases mostly from the 
holographic topological entanglement entropy of the system. We ﬁnd the entanglement entropy is a 
good probe to the critical temperature and the order of the phase transition in the general model. 
The behaviors of entanglement entropy at large strip size suggest that the area law still holds when 
including dark matter sector. We also conclude that the holographic topological entanglement entropy is 
useful in detecting the stability of the phase transitions. Furthermore, we derive the complete diagram 
of the effects of coupled parameters on the critical temperature through the entanglement entropy and 
analytical methods.
© 2015 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
The AdS/CFT correspondence provides us a powerful approach 
to holographically study strongly interacting low energy physics 
in condensed matter systems. According to this correspondence, 
the d dimensional strongly interacting theories on the boundary 
are dual to the d + 1 dimensional weakly coupled gravity theo-
ries in the bulk [1–3]. The most simple holographic superconductor 
model dual to gravity theories is constructed by applying a scalar 
ﬁeld and a Maxwell ﬁeld coupled in an AdS black hole background 
[4–6]. Since then, a lot of more complete holographic supercon-
ductor models were also taken into account, such as the holo-
graphic superconductor models in Einstein–Gauss–Bonnet gravity, 
Horava–Lifshitz gravity, non-linear electrodynamics gravity and so 
on. These typical examples have attracted considerable interest for 
their potential applications to the condensed matter physics, see 
[7–34].
Recently, a gravity theory with dark matter sector was pro-
posed in [35,36]. This new gravity theory was also considered in 
holographic superconductor models, which was constructed with 
a scalar ﬁeld, a Maxwell ﬁeld and another additional U (1)-gauge 
ﬁeld corresponding to the dark matter one [37,38]. With Sturm–
Liouville eigenvalue and matching semi-analytical methods, it has 
been discussed in [37] that the dark matter sector can bring rich 
physics in the new holographic model. Very surprisingly, this new 
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SCOAP3.model also allows superconducting solutions corresponding to ret-
rograde condensation. In order to further study the effects of the 
dark matter sector on the holographic phase transition from other 
aspects of the scalar operator, the free energy and so on, we will 
have to turn to the numerical methods.
The papers [39,40] have shown us a novel way to calculate the 
holographic entanglement entropy of a strongly interacting sys-
tem from a weakly coupled gravity dual according to the AdS/CFT 
correspondence. In this way, the holographic entanglement en-
tropy has recently been applied to study the properties of phase 
transitions in various holographic models [41–57]. The entangle-
ment entropy representing the degrees of freedom of the systems 
turns out to be a good probe to investigate the critical temper-
ature and the order of the holographic phase transition. It was 
argued that the discontinuous slopes imply the second order phase 
transition and the jump of the holographic entanglement entropy 
corresponds to the ﬁrst order phase transition. It is meaningful to 
examine whether the holographic entanglement entropy approach 
is still useful in the holographic superconductor model with dark 
matter sector. From the other aspect, it was found that the en-
tanglement entropy and thermal entropy behave qualitatively the 
same for large width strip [53,54]. In accordance with the area 
law, it was found that the holographic entanglement entropy goes 
linearly for large strip [52]. Then it is expected that we can test 
the area law with dark matter sector from the entanglement en-
tropy side. At last, the retrograde condensation phenomenon was 
observed in [37], which usually corresponds to unstable solutions 
[60,61]. We will also try to discuss the stability of the retrograde under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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tropy method.
The next sections are organized as follows. In Section 2, we re-
view the construction of the holographic superconductor model 
with dark matter sector in the four dimensional AdS black hole 
spacetime beyond the probe limit. In Section 3, we study the prop-
erties of the holographic phase transitions by examining in detail 
the behaviors of the holographic entanglement entropy. We also 
give some analytical understanding of the phase transition proper-
ties. We summarize our main results in the last section.
2. Equations of motion and boundary conditions
The holographic superconductor model with dark matter sector 
is constructed by a scalar ﬁeld and two gauge ﬁelds coupled in 
the AdS black hole background. The generalized Lagrange density 
of 4-dimensional spacetime with dark matter sector reads [37]:
L= R + 6
L2
− γ [1
4
F MN FMN + |∇Mψ − i AM |2 +m2ψ2
+ 1
4
BMN BMN + α
4
BMN FMN ], (1)
where ψ(r) is a complex scalar ﬁeld with mass m. AM stands for 
the ordinary Maxwell ﬁeld and BM is the additional U (1) gauge 
ﬁeld representing the dark matter one. −3/L2 is the negative cos-
mological constant, where L is the AdS radius which will be scaled 
unity in our calculation. γ describes the backreaction of matter 
ﬁelds on the background. When γ → 0, we return to the holo-
graphic model in the probe limit [24]. α is the coupling parameter 
between the two gauge ﬁelds, which should be small and on the 
order of 10−3 according to present astronomical observation [58]. 
In fact, when studying holographic superconductors, one is nor-
mally interested in the CFT on the boundary. It is not an issue 
whether the dual bulk gravitational theory is realistic or not. So in 
this paper, we study α varying in large range α ∈ [0, 2.5].
The Einstein equations for the system can be written in the 
form
RMN − 1
2
gMN R − 3gMN = 1
2
γ T˜MN , (2)
where T˜MN is the energy–momentum tensor expressed as
T˜MN = FMβ F βN + BMβ BβN + αBMβ F βN
+ 2∇Mψ∇Nψ + 2AM ANψ2
+ gMN(−1
4
FMN F
MN − 1
4
BMN B
MN
− α
4
FMN B
MN − ∇Mψ∇Mψ − AM AMψ2 −m2ψ2). (3)
With the variation of the matter ﬁelds, we get the correspond-
ing equations of motion:
∇M FMN − 2ANψ2 + α
2
∇MBMN = 0, (4)
∇M∇Mψ − AM AMψ −m2ψ = 0, (5)
∇MBMN + α
2
∇M FMN = 0. (6)
Putting (6) into (4), we get the equation
∇M FMN − 2ψ
2AN
α˜
= 0, (7)
where α˜ = 1 − α2 .4Putting (7) into (6), we arrive at
∇MBMN + αψ
2AN
α˜
= 0. (8)
In this work, we simply take the metric solutions and other 
matter ﬁelds in the forms:
ds2 = −g(r)e−χ(r)dt2 + dr
2
g(r)
+ r2(dx2 + dy2), (9)
A = φ(r)dt, B = η(r)dt, ψ = ψ(r). (10)
Then the Hawking temperature of the black hole is expressed as
T = g
′(r+)e−χ(r+)/2
4π
, (11)
where r+ is the horizon of the black hole satisfying g(r+) = 0. We 
also need χ(r → ∞) = 0 to recover the AdS boundary.
From above assumptions, we can obtain the equations of mo-
tion as:
ψ ′′ +
(
2
r
− χ
′
2
+ g
′
g
)
ψ ′ − m
2
g
ψ + 1
g2
eχφ2ψ = 0, (12)
φ′′ +
(
2
r
+ χ
′
2
)
φ′ − 2ψ
2
α˜g
φ = 0, (13)
η′′ +
(
2
r
+ χ
′
2
)
η′ + α
α˜
ψ2
g
φ = 0, (14)
g′ −
(
3r
L2
− g
r
)
+ κ2r
[
2gψ ′ 2 + eχ (φ′ 2 + η′ 2 + αφ′η′)
+ 2m2ψ2 + 2e
χφ2ψ2
g
]
= 0. (15)
χ ′ + 4κ2
[
rψ ′ 2 + r
g2
eχφ2ψ2
]
= 0, (16)
where κ2 = γ4 . When a hairy black hole with ψ = 0 appears, we 
have to solve these equations by numerical methods. Near the AdS 
boundary (r → ∞), the asymptotic behaviors of the solutions are
ψ → ψ−
rλ−
+ ψ+
rλ+
, φ → μ − ρ
r
, η → ξ − 
r
,
g → r
2
L2
, χ → 0, (17)
with λ± = (3 ±
√
9+ 4m2)/2, where μ and ρ can be interpreted 
as the chemical potential and charge density in the dual theory 
respectively. The other two operators ξ and  are dual to the U (1)
gauge ﬁeld η(r).
At the horizon of the black hole, we can impose proper bound-
ary conditions as:
ψ(r) = ψ0 + ψ1(r − r+) + · · · , (18)
φ(r) = φ0(r − r+) + φ1(r − r+)2 + · · · , (19)
η(r) = η0(r − r+) + η1(r − r+)2 + · · · , (20)
g(r) = g0(r − r+) + g1(r − r+)2 + · · · , (21)
χ(r) = χ0 + χ1(r − r+) + · · · , (22)
where the dots denote higher order terms. Putting these Taylor ex-
pansions into equations, we are left with ﬁve independent param-
eters r+ , ψ0, φ0, η0 and χ0 at the horizon. The scaling symmetry
r → ar, t → at, φ → aφ, η → aη, g → a2g, (23)
can be used to set r+ = 1.
422 Y. Peng / Physics Letters B 750 (2015) 420–426Fig. 1. (Color online.) The holographic entanglement entropy as a function of the temperature T for μ = 1, κ2 = 0.1, m2 = −2 and l = 2. The dashed lines in each panel 
corresponds to the entanglement entropy of a pure AdS black hole and the solid lines correspond to cases of superconducting solutions. In the left panel, we have choose 
ξ
μ = 1 and various α: α = 0 with Tc = 0.02533 (red); α = 0.25 with Tc = 0.02292 (green); α = 0.5 with Tc = 0.02079 (blue). The right panel correspond to α = 0.25 and 
various ξμ : 
ξ
μ = 0.9 with Tc = 0.02497 (red); ξμ = 1.0 with Tc = 0.02292 (green); ξμ = 1.1 with Tc = 0.02091 (blue).Choosing m2 = −2 > − 94 above the BF bound [59], the sec-
ond mode ψ+ is always normalizable. To get a stable theory, we 
will ﬁx ψ− = 0 and use the operator ψ+ = <O+> to describe 
the phase transition in the dual CFT. For different values of ψ0, 
we can rely on the parameters φ0, η0 and χ0 to search for the 
solutions with the boundary conditions ψ− = 0, χ(r → ∞) = 0
and ξμ ﬁxed as a constant. We mention that the solutions go 
back to the case without dark matter sector when ξμ → 0. In the 
following discussion, we will divide the phases into two cases: 
1 +α ξμ + ξ
2
μ2
> 0 corresponds to the thermodynamically stable so-
lutions and 1 + α ξμ + ξ
2
μ2
< 0 is the thermodynamically unstable 
phase transition.
In the case of ψ = 0, we get the exact analytic solutions in nor-
mal phase, a Reissner–Nordstrom–AdS black hole, which is given 
by
g = r
2
L2
− 2M˜
r
+ κ
2(ρ2 +  2 + αρ)
r2
, χ = 0,
φ = ρ( 1
r+
− 1
r
), η = ( 1
r+
− 1
r
), (24)
where M˜ can be interpreted as the mass of the black hole.
3. holographic phase transitions in AdS black hole background
3.1. The stable phases with 1 +α ξμ + ξ
2
μ2
> 0
In this part, we focus on the holographic entanglement entropy 
(HEE) of the phase transition satisfying 1 + α ξμ + ξ
2
μ2
> 0. The 
authors in Refs. [39,40] have provided a method to compute the 
entanglement entropy of conformal ﬁeld theories (CFTs) from the 
gravity side. We consider a belt geometry A˜ with a ﬁnite width 
along the x direction and inﬁnitely extending in y direction as: 
− l2  x  l2 , 0 ≤ y ≤ L˜, where l is deﬁned as the size of region A˜ , 
and L˜ is a regulator which is set to inﬁnity. Minimizing the area of 
hypersurface γ A˜ whose boundary is the same as the stripe A˜, we 
can deduce the entanglement entropy for A˜ as [52]
S =
z∗∫
ε
dz
z2∗
z2
1√
(z4∗ − z4)z2g(z)
− 1
ε
, (25)
with
l
2
=
z∗∫
dz
z2√
(z4∗ − z4)z2g(z)
, (26)εwhere z∗ satisﬁes the condition dzdx |z∗ = 0 with z = 1r and r = 1ε is 
the UV cutoff.
We present the holographic entanglement entropy as a func-
tion of the temperature T in Fig. 1 with μ = 1, κ2 = 0.1, m2 = −2, 
ξ
μ > 0 and l = 2. The left panel is the cases of μ = 1, κ2 = 0.1, 
m2 = −2, ξμ = 1, l = 2 with various α and right panel shows the 
cases of μ = 1, κ2 = 0.1, m2 = −2, α = 0.25, l = 2 with various 
ξ
μ > 0. It can be easily seen from the pictures that when the pa-
rameters ﬁxed, the entanglement entropy decreases monotonously 
as we choose a smaller Hawking temperature T . It means there is 
a reduction in the number of degrees of freedom due to the con-
densate generated in the phase transitions [54].
Decreasing the temperature, we should determine the physical 
curve by always choosing the point of lowest entropy at a given T
[52]. For each set of parameters, we ﬁnd a threshold temperature 
Tc , below which the hairy black hole appears. We also obtain ap-
proximate formulas for the holographic entanglement entropy of 
the normal state (SBH) and superconducting state (SSC ) in the case 
of μ = 1, κ2 = 0.1, m2 = −2, l = 2, α = 0.5 and ξμ = 1:
SBH ≈−0.309+ 0.557(T − Tc) + 3.434(T − Tc)2, (27)
SSC ≈−0.309+ 0.862(T − Tc) + 17.273(T − Tc)2. (28)
These formulas suggest that SBH|T=Tc = SSC|T=Tc , ∂ SBH∂T |T=Tc =
∂ SSC
∂T |T=Tc and the jump of the slope of the entanglement entropy 
signal that some kind of new degrees of freedom like the Cooper 
pair would emerge in the new phase.
In order to show there is a phase transition, we calculate the 
free energy of the system with μ = 1, κ2 = 0.1, m2 = −2, α = 0.5
and ξμ = 1 in Fig. 2. The free energy of superconducting state 
lies below the free energy of the normal state suggesting that the 
superconducting solutions are thermodynamically stable. More cal-
culations show that there are thermodynamically stable solutions 
for all 1 + α ξμ + ξ
2
μ2
> 0.
As shown with the solid blue point in Fig. 2, we ﬁnd a critical 
phase transition temperature T = 0.02079, which is equal to the 
threshold temperature Tc = 0.02079 obtained from the behaviors 
of holographic entanglement entropy. That means the holographic 
entanglement entropy can be used to search for the critical phase 
transition temperature. With ﬁtting methods, we obtain approxi-
mate formulas for the free energy of normal state (FBH) and su-
perconducting state (FSC ) that:
FBH ≈−0.122− 1.417(T − Tc) − 10.136(T − Tc)2
− 38.412(T − Tc)3, (29)
Y. Peng / Physics Letters B 750 (2015) 420–426 423Fig. 2. (Color online.) The free energy in cases of μ = 1, m2 = −2, κ2 = 0.1, α = 0.5
and ξμ = 1. The solid blue line shows the free energy of the superconducting phase. 
The dashed line corresponds to the free energy of normal phases. The solid blue 
point corresponds to the phase transition temperature T = 0.02079.
FSC ≈−0.122− 1.417(T − Tc) − 23.573(T − Tc)2
− 190.175(T − Tc)3. (30)
The front formulas suggest that: FBH|T=Tc = FSC|T=Tc , ∂ FBH∂T |T=Tc =
∂ FSC
∂T |T=Tc , ∂
2 FBH
∂T 2
|T=Tc = ∂
2 FSC
∂T 2
|T=Tc . In other words, the curve rep-
resenting the physical phases with the lowest free energy is 
smooth at the critical temperature Tc . We conclude that the jump 
of the slope of holographic entanglement entropy corresponds to 
second order phase transition in the general holographic supercon-
ductor model with dark matter.
We also show the behaviors of the holographic entanglement 
entropy S with respect to the strip width l at a ﬁxed tempera-
ture T = 0.018 below the phase transition temperature Tc in Fig. 3. 
The solid color lines denote the holographic entanglement entropy for superconducting phase. We see that for each line, S increases 
monotonically from a negative value to a positive value as we in-
crease l. Choosing a larger strip size l, the entanglement entropy 
becomes sensitive to α and ξμ . In all panels, the curves go linearly 
with l for large l, which means the area law holds in holographic 
models with dark matter sector [52].
By applying the holographic entanglement entropy method, we 
go on to discuss in detail behaviors of the critical temperature Tc . 
We show the effects of α on the critical temperature Tc in Fig. 4. In 
the left panel, when we increase the value of α in cases of κ2 > 0
and ξμ = 1, Tc decreases slowly, which means that the phase tran-
sition is more diﬃcult to happen. In contrast, in the right panel, 
with ξμ = −1 and κ2 > 0, we ﬁnd that Tc increases as a function 
of α or the phase transition is more easier to happen. Tc is always 
a constant Tc ≡ 0.05875 for different values of α with κ2 = 0 in 
both panels.
Now we turn to study how ξμ and κ
2 will affect the criti-
cal temperature Tc . The curves in the left panel of Fig. 5 repre-
sent Tc as a function of 
ξ
μ with μ = 1, m2 = −2, α = 0.25 and 
κ2 = 0, 0.1 or 0.2. It can be easily seen from the left panel that Tc
decreases as the ratio becomes larger with κ2 > 0. We conclude 
that larger ratio ξμ > 0 makes it more diﬃcult for the scalar ﬁeld 
to condense when considering the matter ﬁelds’ backreaction on 
the background. Here, Tc is also a constant Tc ≡ 0.05875 when 
neglecting backreaction.
In the right panel of Fig. 5, the bottom solid blue line shows 
that heavier backreaction corresponds to a smaller Tc in the case 
of μ = 1, m2 = −2, α = 0.25 and ξμ = 1. With more calculations, 
we conclude that larger κ2 makes the scalar ﬁelds more diﬃcult 
to condense in all thermodynamically stable phases. We observe Fig. 3. (Color online.) The holographic entanglement entropy as a function of the belt l with μ = 1, κ2 = 0.1, m2 = −2 and T = 0.018. The solid lines correspond to cases of 
superconducting solutions. In the left panel, we have choose ξμ = 1 and various α from bottom to top: α = 0 (red), α = 0.25 (green), α = 0.5 (blue). The right panel from 
bottom to top corresponds to α = 0.25 and various ξμ : ξμ = 0.9 (red), ξμ = 1.0 (green), ξμ = 1.1 (blue).
Fig. 4. (Color online.) The behaviors of the critical temperature Tc with μ = 1, m2 = −2 and the lines from top to bottom correspond to κ2 = 0 (red), κ2 = 0.1 (green), 
κ2 = 0.2 (blue). The left panel represents the case of Tc as a function of α with ξμ = 1. The right panel shows the case of Tc as a function of α with ξμ = −1.
424 Y. Peng / Physics Letters B 750 (2015) 420–426Fig. 5. (Color online.) The behaviors of the critical temperature Tc with μ = 1, m2 = −2. The lines in the left panel from top to bottom correspond to α = 0.25 and various 
κ2: κ2 = 0 (red), κ2 = 0.1 (green), κ2 = 0.2 (Blue). The lines in the right panel from top to bottom represent the cases: (1) α = 2.5, ξμ = −1 (red); (2) α → 2, ξμ = −1
(green); (3) α = 0.25, ξμ = 1 (blue).
Fig. 6. (Color online.) The scalar operator <O>
1
λ+ as a function of T with μ = 1, κ2 = 0.1, and m2 = −2. The left panel is with ξμ = 1 and various lines from bottom to top 
as: α = 0 (red, Tc = 0.02533), α = 0.25 (green, Tc = 0.02292) and α = 0.5 (blue, Tc = 0.02079). The right panel is with α = 0.25 and various lines from bottom to top as: 
ξ
μ = 0.9 (red, Tc = 0.02497), ξμ = 1.0 (green, Tc = 0.02292) and ξμ = 1.1 (blue, Tc = 0.02091).a constant Tc = 0.05875 in the case of μ = 1, m2 = −2, α → 2
and ξμ = −1. As a complete analysis, we also show behaviors of 
the critical temperature of thermodynamically unstable phases in 
the case of μ = 1, m2 = −2, α = 2.5 and ξμ = −1 satisfying 1 +
α ξμ + ξ
2
μ2
< 0. It is surprising that a larger backreaction parameter 
leads to a larger Tc for unstable solutions. The former analytical 
results in [37] are included in the left panel of Fig. 4 and the right 
panel of Fig. 5. So we obtain richer physics through holographic 
entanglement entropy approach.
At last, we try to examine the correspondence between con-
densation gap and critical temperature [17]. We show the con-
densation of the scalar operator 〈O+〉1/λ+ with Tc = 1, κ2 = 0.1
and m2 = −2 in Fig. 6. In the left panel, we exhibit the conden-
sation of the scalar operator by choosing various α as: α = 0, 
α = 0.25, α = 0.5 and ξμ = 1. The increase of the parameter α de-
velops deeper condensation gap. From another aspect, the increase 
of α as: α = 0, α = 0.25 and α = 0.5 corresponds to Tc = 0.02533, 
Tc = 0.02292 and Tc = 0.02079 respectively. In the right panel, we 
choose different ratios of ξμ and other parameters ﬁxed to detect 
the behaviors of phase transitions. It is shown that larger ratios ξμ
develop deeper condensation gap and the different values of ξμ : 
ξ
μ = 0.9, ξμ = 1 and ξμ = 1.1 correspond to the critical tempera-
tures Tc = 0.02497, Tc = 0.02292 and Tc = 0.02091 respectively. 
With various parameters α and ξμ , we arrive at the correspon-
dence of a deeper condensation gap with a smaller Tc in the 
holographic model with dark matter sector.3.2. The unstable phases with 1 +α ξμ + ξ
2
μ2
< 0
In this part, we pay attention to the phase transitions satisfying 
1 +α ξμ + ξ
2
μ2
< 0. We study the example μ = 1, m2 = −2, κ2 = 0.1, 
α = 2.5 and ξμ = −1 in Fig. 7. We show the holographic entangle-
ment entropy in the left panel. Choosing the phases with lowest 
entanglement entropy, it is surprising that the condensed phase 
appears at high temperature T > Tc = 0.07231, which implies that 
this solution is unstable. This novel behavior was referred as retro-
grade condensation [37,60,61]. We ﬁnd that there are solutions of 
retrograde condensation phenomenon for all 1 + α ξμ + ξ
2
μ2
< 0.
The free energy is powerful in studying the phase transitions. 
We calculate the free energy of the system in the right panel of 
Fig. 7. It shows the free energy of this hairy black hole is larger 
than the free energy of the black hole in normal phase. Since the 
physical procedure corresponds to the phases with the lowest free 
energy, we arrive at a conclusion that the retrograde condensation 
superconductor solutions are thermodynamically unstable and the 
novel behaviors of the holographic entanglement entropy can be 
used to detect the thermodynamical stability of the phase transi-
tion.
3.3. Analytical study of the condensation
We would like to give an analytical understanding at the quali-
tative effects of α, ξμ and κ
2 on the phase transitions. At the phase 
transition point, we have ψ(r) = 0. Then we can rewrite the equa-
tions of motion around Tc in the form
Y. Peng / Physics Letters B 750 (2015) 420–426 425Fig. 7. (Color online.) The phase transition in the cases of μ = 1, m2 = −2, κ2 = 0.1, α = 2.5 and ξμ = −1. The left panel shows the behavior of holographic entanglement 
entropy with l = 2. The right panel represents the free energy of the system. In both panels, the solid red line corresponds to the superconducting phase and the dashed red 
line is with the normal phase.φ′′ +
(
2
r
+ χ
′
2
)
φ′ = 0, η′′ +
(
2
r
+ χ
′
2
)
η′ = 0, (31)
g′ −
(
3r
L2
− g
r
)
+ κ2r
[
eχ (φ′ 2 + η′ 2 + αφ′η′)
]
= 0, χ ′ = 0.
(32)
According to the behaviors of the equations, we can assume the 
solutions η(r) = ξμφ(r), χ = 0 and deduce the equations for φ(r)
and g(r) without dark matter term
φ′′ +
(
2
r
+ χ
′
2
)
φ′ = 0, (33)
g′ −
(
3r
L2
− g
r
)
+ γ˜ rφ′ 2 = 0, (34)
where γ˜ = κ2(1 + α ξμ + ξ
2
μ2
). We can taken γ˜ as the effective 
backreaction parameter to detect the changes of the critical tem-
perature on the idea that a larger effective backreaction parameter 
γ˜ corresponds to a smaller critical temperature Tc [16,24].
When κ2 = 0, γ˜ is independent of α and ξμ . This is in accor-
dance with the fact that Tc keeps as a constant for different values 
of α and ξμ in cases of κ
2 = 0 in Fig. 4 and Fig. 5. If we choose a 
larger α with ﬁxed ξμ > 0 and κ
2 > 0, γ˜ increases and the critical 
temperature Tc becomes smaller. With 
ξ
μ = −1 < 0 and κ2 > 0, a 
larger α leads to a smaller γ˜ and a larger Tc . We have now cov-
ered all the qualitative properties of Fig. 4.
In the left panel of Fig. 5, a larger ξμ > 0 leads to a larger γ˜
and smaller Tc when α > 0 and κ2 > 0. Now we try to see how 
κ2 will affect the threshold temperature Tc . In the case of (1 +
α ξμ + ξ
2
μ2
) > 0, a larger κ2 corresponds to a larger γ˜ and a smaller 
Tc . γ˜ is equal to zero for (1 + α ξμ + μ
2
ξ2
) = 0. In cases that (1 +
α ξμ + ξ
2
μ2
) < 0, γ˜ becomes smaller and Tc becomes larger when 
we choose a larger κ2. Accordingly, the three lines in the right 
panel of Fig. 5 from bottom to top correspond to the decrease of 
(1 + α ξμ + ξ
2
μ2
) as: 2.25, 0 and −0.5 respectively. We argue that 
negative effective backreaction parameters with thermodynamical 
instability is a general properties in holographic phase transitions.
4. Conclusions
We studied the behaviors of holographic metal/superconduc-
tor phase transitions in the presence of dark matter sector. We 
tried to explore the properties of the phase transitions by analyz-
ing the holographic entanglement entropy of the system. It was showed that the entanglement entropy can be used to search the 
critical temperature and the jump of the slope of the holographic 
topological entanglement entropy corresponds to a second order 
phase transitions when including the dark matter sector. For larger 
strip size, the behaviors of holographic topological entanglement 
entropy suggest that the area law still holds with dark matter sec-
tor. We also found that the entanglement entropy serves as a good 
probe to the stability of the phase transitions. We obtained the 
thermodynamically stable conditions 1 +α ξμ + ξ
2
μ2
> 0 and our dis-
cussion are based on stable phases. In summary, we arrived at the 
conclusion that the holographic entanglement entropy can be used 
to explore the rich physics in holographic superconductor models 
with dark matter sector.
We also derived the complete diagram of effects of the param-
eters α, ξμ and κ
2 on the critical temperature Tc through the en-
tanglement entropy methods. We found α and ξμ don’t affect the 
critical temperature when neglecting the backreaction. The larger 
positive parameters ξμ and κ
2 make the phase transition more dif-
ﬁcult to happen. When ξμ > 0 and κ
2 > 0, larger α makes the 
scalar ﬁelds harder to condense and larger α makes the scalar hair 
easier to form in the case of ξμ < 0 and κ
2 > 0. With various α
and ξμ , we also found that a smaller critical temperature corre-
sponds to a deeper condensation gap. In all, we have obtained 
richer physics than the former analytical results in [37]. By tak-
ing γ˜ = k2(1 + α ξμ + ξ
2
μ2
) as the effective backreaction parameter, 
the qualitative properties can be obtained through the analytical 
methods on the idea that a larger effective backreaction parame-
ter γ˜ corresponds to a smaller critical temperature Tc . That means 
the ﬁelds η(r) and φ(r) coupled to determine the critical temper-
ature. We argued that negative effective backreaction parameters 
developing thermodynamically unstable solutions may be a gen-
eral properties in various holographic superconductor models.
Acknowledgements
We would like to thank the anonymous referee for the con-
structive comments to improve the manuscript. This work was 
supported by the National Natural Science Foundation of China 
under Grant No. 11305097; the Education Department of Shaanxi 
Province of China under Grant No. 2013JK0616; the Foundation 
of Shaanxi University of Technology of China under Grant No. 
SLGQD13-23. This work was also partly ﬁnished during the Inter-
national Conference on Holographic Duality for Condensed Matter 
Physics at Kavli Institute for Theoretical Physics China (KITPC), Chi-
nese Academy of Sciences on July 6–31, 2015.
426 Y. Peng / Physics Letters B 750 (2015) 420–426References
[1] J.M. Maldacena, The large-N limit of superconformal ﬁeld theories and super-
gravity, Adv. Theor. Math. Phys. 2 (1998) 231.
[2] S.S. Gubser, I.R. Klebanov, A.M. Polyakov, Gauge theory correlators from non-
critical string theory, Phys. Lett. B 428 (1998) 105.
[3] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 
253.
[4] S.A. Hartnoll, Lectures on holographic methods for condensed matter physics, 
Class. Quantum Gravity 26 (2009) 224002.
[5] C.P. Herzog, Lectures on holographic superﬂuidity and superconductivity, 
J. Phys. A 42 (2009) 343001.
[6] G.T. Horowitz, Introduction to holographic superconductors, Lect. Notes Phys. 
828 (2011) 313, arXiv:1002.1722 [hep-th].
[7] R. Gregory, S. Kanno, J. Soda, J. High Energy Phys. 10 (2009) 010.
[8] L. Barclay, R. Gregory, S. Kanno, P. Sutcliffe, J. High Energy Phys. 12 (2010) 029.
[9] Q. Pan, B. Wang, E. Papantonopoulos, J. Oliviera, A. Pavan, Phys. Rev. D 81 
(2010) 106007.
[10] F. Aprile, J.G. Russo, Phys. Rev. D 81 (2010) 026009.
[11] A. Salvio, Holographic superﬂuids and superconductors in dilaton gravity, 
arXiv:1207.3800 [hep-th], 2012.
[12] R. Cai, H. Zhang, Phys. Rev. D 81 (2010) 066003.
[13] J. Jing, Q. Pan, S. Chen, J. High Energy Phys. 11 (2011) 05.
[14] G.T. Horowitz, M.M. Roberts, Phys. Rev. D 78 (2008) 126008.
[15] J. Sonner, A rotating holographic superconductor, Phys. Rev. D 80 (2009) 
084031.
[16] Qiyuan Pan, Bin Wang, General holographic superconductor models with back-
reactions, arXiv:1101.0222v1.
[17] S.A. Hartnoll, C.P. Herzog, G.T. Horowitz, Holographic superconductors, J. High 
Energy Phys. 0812 (2008) 015.
[18] Y.Q. Liu, Q.Y. Pan, B. Wang, Holographic superconductor developed in BTZ black 
hole background with backreactions, Phys. Lett. B 702 (2011) 94.
[19] Y. Peng, X.M. Kuang, Y.Q. Liu, B. Wang, Phase transition in the holographic 
model of superﬂuidity with backreactions, arXiv:1106.4353 [hep-th].
[20] J.P. Gauntlett, J. Sonner, T. Wiseman, Holographic superconductivity in 
M-theory, Phys. Rev. Lett. 103 (2009) 151601.
[21] J.L. Jing, S.B. Chen, Holographic superconductors in the Born–Infeld electrody-
namics, Phys. Lett. B 686 (2010) 68.
[22] K. Maeda, M. Natsuume, T. Okamura, Universality class of holographic super-
conductors, Phys. Rev. D 79 (2009) 126004.
[23] X.H. Ge, B. Wang, S.F. Wu, G.H. Yang, Analytical study on holographic super-
conductors in external magnetic ﬁeld, J. High Energy Phys. 1008 (2010) 108.
[24] Y. Brihaye, B. Hartmann, Holographic superconductors in 3 + 1 dimensions 
away from the probe limit, Phys. Rev. D 81 (2010) 126008.
[25] C.P. Herzog, P.K. Kovtun, D.T. Son, Holographic model of superﬂuidity, Phys. Rev. 
D 79 (2009) 066002.
[26] G.T. Horowitz, B. Way, Complete phase diagrams for a holographic supercon-
ductor/insulator system, J. High Energy Phys. 1011 (2010) 011.
[27] Roychowdhury Dibakar, AdS/CFT superconductors with Power Maxwell electro-
dynamics: reminiscent of the Meissner effect, Phys. Lett. B 718 (2013).
[28] S. Franco, A.M. Garcia-Garcia, D. Rodriguez-Gomez, A general class of holo-
graphic superconductors, J. High Energy Phys. 1004 (2010) 092.
[29] S. Franco, A.M. Garcia-Garcia, D. Rodriguez-Gomez, A holographic approach to 
phase transitions, Phys. Rev. D 81 (2010) 041901(R).
[30] Q.Y. Pan, B. Wang, General holographic superconductor models with Gauss–
Bonnet corrections, Phys. Lett. B 693 (2010) 159.
[31] Y. Peng, Q.Y. Pan, Stückelberg holographic superconductor models with backre-
actions, Commun. Theor. Phys. 59 (2013) 110.
[32] P. Yan, Q.Y. Pan, B. Wang, Various types of phase transitions in the AdS soliton 
background, Phys. Lett. B 699 (2011) 383.
[33] Daniel Arean, Leopoldo A. Pando Zayas, Ignacio Salazar Landea, Antonello 
Scardicchio, The holographic disorder-driven supeconductor-metal transition, 
arXiv:1507.02280 [hep-th].
[34] Matteo Baggioli, Mikhail Goykhman, Phases of holographic superconductors with broken translational symmetry, J. High Energy Phys. 07 (2015) 035.
[35] H. Davoudiasl, H.-S. Lee, I. Lewis, W.J. Marciano, Phys. Rev. D 85 (2012) 115019;
H. Davoudiasl, H.-S. Lee, I. Lewis, W.J. Marciano, Phys. Rev. D 88 (2013) 015022;
C.-F. Chang, E. Ma, T.-C. Yuan, Multilepton Higgs deacays through the dark por-
tal, arXiv:1308.6071 [hep-ph], 2014.
[36] T. Vachaspati, A. Achucarro, Phys. Rep. 327 (2000) 347;
T. Vachaspati, Dark Strings, arXiv:0902.1764 [hep-th], 2009;
B. Hartmann, F. Arbabzadah, J. High Energy Phys. 07 (2009) 068;
Y. Brihaye, B. Hartmann, Phys. Rev. D 80 (2009) 123502.
[37] Lukasz Nakonieczny, Marek Rogatko, Analytic study on backreacting holo-
graphic superconductors with dark matter sector, Phys. Rev. D 90 (2014) 
106004.
[38] Lukasz Nakonieczny, Marek Rogatko, Karol I. Wysokinski, Magnetic ﬁeld in 
holographic superconductor with dark matter sector, Phys. Rev. D 91 (2015) 
046007.
[39] S. Ryu, T. Takayanagi, Holographic derivation of entanglement entropy from 
AdS/CFT, Phys. Rev. Lett. 96 (2006) 181602.
[40] S. Ryu, T. Takayanagi, Aspects of holographic entanglement entropy, J. High En-
ergy Phys. 0608 (2006) 045.
[41] T. Nishioka, T. Takayanagi, Entropy and closed string tachyons, J. High Energy 
Phys. 0701 (2007) 090.
[42] I.R. Klebanov, D. Kutasov, A. Murugan, Entanglement as a probe of conﬁnement, 
Nucl. Phys. B 796 (2008) 274.
[43] A. Pakman, A. Parnachev, Topological entanglement entropy and holography, 
J. High Energy Phys. 0807 (2008) 097.
[44] T. Nishioka, S. Ryu, T. Takayanagi, Holographic entanglement entropy: an 
overview, J. Phys. A 42 (2009) 504008.
[45] L.-Y. Hung, R.C. Myers, M. Smolkin, On holographic entanglement entropy and 
higher curvature gravity, J. High Energy Phys. 1104 (2011) 025.
[46] J. de Boer, M. Kulaxizi, A. Parnachev, Holographic entanglement entropy in 
Lovelock gravities, J. High Energy Phys. 1107 (2011) 109.
[47] N. Ogawa, T. Takayanagi, Higher derivative corrections to holographic entangle-
ment entropy for AdS solitons, J. High Energy Phys. 1110 (2011) 147.
[48] T. Albash, C.V. Johnson, Holographic entanglement entropy and renormalization 
group ﬂow, J. High Energy Phys. 1202 (2012) 095.
[49] R.C. Myers, A. Singh, Comments on holographic entanglement entropy and RG 
ﬂows, J. High Energy Phys. 1204 (2012) 122.
[50] X.M. Kuang, E. Papantonopoulos, B. Wang, Entanglement entropy as a probe to 
the proximity effect in holographic superconductors, arXiv:1401.5720 [hep-th].
[51] Weiping Yao, Jiliang Jing, Holographic entanglement entropy in metal/super-
conductor phase transition with Born–Infeld electrodynamics, arXiv:1408.1171 
[hep-th].
[52] T. Albash, C.V. Johnson, Holographic studies of entanglement entropy in super-
conductors, J. High Energy Phys. 1205 (2012) 079, arXiv:1202.2605 [hep-th].
[53] B. Swingle, T. Senthil, Universal crossovers between entanglement entropy and 
thermal entropy, arXiv:1112.1069 [cond-mat.str-el].
[54] R.-G. Cai, S. He, L. Li, Y.-L. Zhang, Holographic entanglement entropy on P-wave 
superconductor phase transition, J. High Energy Phys. 07 (2012) 027.
[55] L.-F. Li, R.-G. Cai, L. Li, C. Shen, Entanglement entropy in a holographic P-wave 
superconductor model, arXiv:1310.6239.
[56] Yan Peng, Qiyuan Pan, Holographic entanglement entropy in general holo-
graphic superconductor models, J. High Energy Phys. 06 (2014) 011.
[57] Yan Peng, Yunqi Liu, A general holographic metal/superconductor phase transi-
tion model, J. High Energy Phys. 02 (2015) 082.
[58] N. Arkani-Hamed, D.P. Finkbeiner, T. Slatyer, N. Weiner, arXiv:0810.0713 [hep-
ph];
N. Arkani-Hamed, N. Weiner, J. High Energy Phys. 0812 (2008) 104;
L. Bergstrom, G. Bertone, T. Bringmann, J. Edsjo, M. Taoso, arXiv:0812.3895 
[astro-ph].
[59] P. Breitenlohner, D.Z. Freedman, Positive energy in anti-de Sitter backgrounds 
and gauged extended supergravity, Phys. Lett. B 115 (1982) 197.
[60] J.P. Kuenen, Commun. Phys. Lab. Univ. Leiden 4 (1892);
D. Katz, F. Kurata, Ind. Eng. Chem. 32 (1940) 817.
[61] F. Aprile, D. Roest, J.G. Russo, J. High Energy Phys. 06 (2011) 040.
